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In contrast to ordinary symmetries, supersymmetry interchanges bosons and fermions. Origi-
nally proposed as a symmetry of our universe, it still awaits experimental verification. Here we
theoretically show that supersymmetry emerges naturally in topological superconductors, which are
well-known condensed matter systems. Specifically, we argue that the quantum phase transitions
at the boundary of topological superconductors in both two and three dimensions display super-
symmetry when probed at long distances and times. Supersymmetry entails several experimental
consequences for these systems, such as, exact relations between quantities measured in disparate
experiments, and in some cases, exact knowledge of the universal critical exponents. The topological
surface states themselves may be interpreted as arising from spontaneously broken supersymmetry,
indicating a deep relation between topological phases and SUSY. We discuss prospects for experi-
mental realization in films of superfluid He3-B.
I. INTRODUCTION
In the 1970s, space-time “supersymmetry” (SUSY),
was proposed as a possible invariance of our universe1,2.
Unlike any other symmetry, SUSY interchanges bosons
and fermions and when applied twice, generate transla-
tions of space and time, which ultimately leads to the
conservation of momentum and energy3. SUSY theories
were actively pursued to attack long-standing problems
such as the hierarchy problem in the elementary particle
physics4, but despite sustained effort, it has yet to be
experimentally established in Nature.
In this paper we theoretically show that certain con-
densed matter systems display the remarkable phenom-
ena of emergent supersymmetry, that is, space-time
SUSY naturally emerges as an accurate description of
these systems at low energy and at long distances, al-
though the microscopic ingredients are not supersym-
metric. The physical systems we mainly consider are
topological superconductors5,6, in which fermions, which
may be electrons or fermionic atoms such as He-3, pair
together in a special way. The resulting state has an en-
ergy gap to fermions in the bulk but gapless excitations
at the surface. The surface excitations are prohibited
from acquiring a gap due to time reversal symmetry. We
consider the spontaneous symmetry breaking quantum
phase transition at the surface, using numerical and an-
alytical techniques, and establish emergent supersymme-
try in both two and three dimensions (Fig.1).
Our result is similar in spirit to Friedan, Qiu, Shenker7,
who showed that the 1+1 dimensional tricritical Ising
model, which can be accessed by tuning two parame-
ters, is supersymmetric. Few other proposals that real-
ize SUSY by tuning two or more parameters have been
made as well9,10. Here, we require that SUSY be achiev-
able by tuning only a single parameter, and separates two
distinct phases, akin to a conventional quantum critical
point11,12. This is crucial for our results to be experimen-
tally realizable. We also require that our theory have full
space-time SUSY rather than only a limited ‘quantum-
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Figure 1: Phase diagram of a three dimensional topological
superconductor, as Ising magnetic fluctuations (denoted by
red arrows) at the boundary couple to the Majorana fermions
(blue cone). When the tuning parameter r < rc, the Ising
spins order leading to a gap for the Majorana fermions. In
the main text, it is argued that the critical point that sep-
arates the two sides is supersymmetric, where bosons (Ising
order parameter) and Majorana fermions transform into each
other. Similar phase diagram is obtained for two-dimensional
topological superconductors (Fig.2).
mechanical’ SUSY13. Furthermore, in contrast to the
strategy adopted in7, our approach is not restricted to
1+1 dimensional theories. This automatically ensures
translation invariance in space and time, and will lead to
experimental consequences, as we discuss below.
There has been an explosion of activity in the field
of topological phases since the discovery of Z2 topolog-
ical insulators (TIs)14,15,17,18. We will focus on a set of
closely related phases, the time-reversal invariant topo-
logical superconductors5,6 (TSc) — which include the
well known B-phase of superfluid He-319. These phases
exist in both two and three spatial dimensions20,21 and
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2support Majorana modes at their boundary, which are
protected by time-reversal symmetry from acquiring an
energy gap. Spontaneous breaking of this symmetry pro-
vides a natural mechanism to gap them out. For example,
electron-electron interactions at the surface could lead to
magnetic order, which breaks time reversal symmetry. A
natural question is: how do the edge modes evolve as
the magnetic order sets in? Surprisingly, we will see that
space-time SUSY naturally emerges at the onset of mag-
netic order.
II. D=1+1 EMERGENT SUSY AT THE
BOUNDARY OF A TSC
The D=2+1 dimensional topological superconductor,
protected by the time reversal symmetry, provides the
simplest setting to address this question. While the bulk
of the superconductor is gapped, the boundary, a Dedge
=1+1 dimensional system, contains a pair of Majorana
modes χR, χL that propagate in opposite directions. The
aforementioned instability of the edge may be described
by introducing an Ising field φ that changes sign under
time-reversal. The action for the full theory is given by
Sd+1 =
∫
dτ ddx [
1
2
χ¯ 6∂χ+ 1
2
(∂τφ)
2 +
v2φ
2
(∇φ)2
+
r
2
φ2 + gφχ¯χ+ uφ4] (1)
with d = 1, χ = [χR χL]T , and we have employed the
conventional Dirac gamma matrices for the relativistic
fermion χ (e.g., in terms of Pauli matrices γ0 = σy, γ1 =
σx). The broken symmetry phase is characterized by
〈φ〉 6= 0, which leads to a mass gap g〈φ〉 for the fermions.
The mode count in the action S is favorable for N = 1
SUSY in D=1+122, with the bosons φ and Majorana
fermions χ as super partners. We now show that this is
indeed the case at the critical point using a numerical
simulation of a D = 1+ 1 lattice model that reproduces
the action in Eqn.1 at low energies. The model is given
by
H = −i
∑
j
[
1− gµzj+ 12
]
χjχj+1 +Hb (2)
Hb =
∑
j
[
J µzj−1/2µzj+1/2 − hµxj+1/2
]
Here χj is a single Majorana fermion at site j while the
Ising spins µzj+1/2 sit on bond centers. When h  1,
〈µz〉 = 0 and lattice translation symmetry ensures that
the Majorana fermions are gapless. As h decreases, at
some point, µz orders antiferromagnetically leading to a
mass gap for the fermions through the coupling g, repro-
ducing the field theory in Eqn.1 at and near the critical
point. J tunes the relative bare velocities between the
boson and the fermion modes, similar to vφ in Eqn.1.
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Figure 2: (a) The phase diagram of the Hamiltonian H in
Eqn.2, which realizes the Majorana edge of a two dimensional
time-reversal invariant topological superconductor coupled to
Ising magnetic fluctuations. The vertical axis g is the cou-
pling between the Majorana fermions and the Ising order pa-
rameter. At large h, the Ising spins disorder and the counter-
propagating Majorana modes remain gapless. As h decreases,
the ordering of Ising spins leads to a gap for the Majorana
modes. The black arrows indicate the region of the phase di-
agram detailed in Fig.2(b). (b) Central charge c as a function
of h, for fixed g = 0.5. For h > hc (= 1.62), one finds c = 1/2,
consistent with gapless Majorana modes whole for h < hc, one
finds c = 0 indicating the gapped phase. The critical point
separating the two phases is characterized by c = 7/10 which
corresponds to supersymmetric tri-critical Ising point. The
inset shows the von Neumann entropy S and the Renyi en-
tropies S2, S3 at the critical point, which were used to deduce
the central charge.
We numerically simulate a spin version of Eqn.2 us-
ing the Density Matrix Renormalization Group (DMRG)
method23. See Appendix A for details of the model. We
first set J = 1, and determine the phase diagram as a
function of the couplings g, h. A key tool to character-
ize phases is the central charge c, which is a measure
of the number of gapless modes and directly accessed
by DMRG. While the gapped edge has c = 0 and the
3Figure 3: Entanglement entropy at the critical point for the
1+1-D lattice model for the parameter J = 4. The para-
mater J equals the ratio of the bare verlocity of the Majo-
rana fermion to that of the boson φ. The above curve shows
that the supersymmetric critical point with central charge
c = 7/10 survives even when the velocity anisotropy is four.
The red crosses are the numerical data while the green curve
is the theoretical expected result for central charge c = 7/10.
The inset shows the Renyi entropies Sn which also fit perfectly
to c = 7/10.
Majorana edge has c = 1/2, the simplest supersymmet-
ric theory, the tricritcal Ising model is expected to have
c = 7/10.
1. Results of Numerical Simulation
Fig.2 shows the numerically determined phase dia-
gram. At larger h, a gapless phase is obtained that is sep-
arated by a critical line from a fully gapped ordered phase
at small h. To characterize the critical theory, consider
crossing the phase boundary along fixed g, say, g = 0.5,
while monitoring the central charge c (Fig.2b). At small
h, c ≈ 0 indicating a gapped phase. At h > hc ≈ 1.62,
the central charge saturates at c ≈ 0.5, indicating that
the symmetry is restored and a gapless Majorana mode is
present. At the transition, h = hc, we find c ≈ 0.7. The
jump from c = 0 to c = 0.7 becomes sharper as the sys-
tem size increases from L = 100 to 140 with the decrease
of the finite size effect. The excellent fit shown in the
inset of Fig.2b, where the entanglement entropy for dif-
ferent sized partitions of the system tuned to the critical
point is compared with the form expected for c = 7/10,
confirms that the phase transition lies in the tricritical
Ising universality, which is known to be supersymmet-
ric7. The correlation functions of various local operators
also confirm that this statement (see Appendix B). Note
that we access this transition by tuning a single variable.
Velocity Anisotropy: We consider introducing an asym-
metry in the bare velocities of boson and Majorana
modes. This is done by varying the parameter J between
J = 1 (nearly equal bare velocities), and J = 4 (differ-
ent bare velocities) , we obtain a second order transition
in the same universality class (see Figure 3). This im-
plies that even when the velocities of boson and fermion
modes differ at the lattice scale, they ultimately converge
to a single velocity at low energies.
III. D=2+1 SUSY AT THE SURFACE OF A TSC
Now consider a 3+1-D topological superconductors,
whose two dimensional surface supports gapless Majo-
rana fermions, protected by time reversal symmetry. As
advertised earlier, we study spontaneous breaking of time
reversal symmetry that gaps out the surface states. In
the absence of numerics, we resort to an analytical cal-
culation within an  expansion to unravel the nature
of quantum criticality and argue that 2+1 dimensional
SUSY arises here.
The relevant action is again given by Eqn.1 with d = 2,
where χT = (χ1, χ2) is a two component real fermion
field with χ¯ = χT γ0 and 6∂ = γµ∂µ where, for example we
can take γ0 = σy, γ1 = −σz, γ2 = σx in terms of the
Pauli matrices. At r = 0, this action has N = 1 SUSY22
in 2+1D if one sets
u =
g2
2
(3)
and vφ = 1. The SUSY transformation is implemented
by a pair of real fermionic generators ε:
δφ = ε¯χ (4)
δχ = [−6∂φ+ gφ2]ε (5)
We ask if SUSY emerges in the low energy limit as we
tune to the quantum critical point, without enforcing
these conditions microscopically? The coupling g be-
tween critical bosonic modes and free fermions is read-
ily seen to be strongly relevant at the decoupled fixed
point g = 0. While the spinor structure is held fixed, the
dimensionality is varied in the integrals as described in
detail in Appendix C. On coarse graining the theory to
scales a′ = a(1 + dl), the coupling constants flow at one
loop order according to:
dG
dl
= G− 14G2 (6)
dU
dl
= U − 4GU − 36U2 + 4G2 (7)
where the coupling constants G = g2ND and U = uND,
and ND is a constant (the volume of the D dimensional
sphere). The fixed point is reached at the couplings:
G∗
2
= U∗ = /7 (8)
which implies that the fixed point action to this order
automatically satisfies Eqn.3, and vφ = 1, indicating an
emergent SUSY at this quantum critical point. See Ap-
pendix C for the details. Furthermore, consistent with
4SUSY22, the scaling dimensions ∆χ,∆φ of χ, φ satisfy
∆χ = ∆φ + 1/2 (with ∆φ = 12 +

14 ). Setting  = 1 pro-
vides an estimate of the critical exponents for the D=2+1
dimensional surface. While there are no exact results to
compare this against, it is amusing to note that substi-
tuting  = 2 to access the 1+1 dimensional critical point
yields a value of the anomalous exponent ηφ = /7 = 0.3
relatively close to the exact η1+1 = 0.4.
Velocity Anisotropy: At the fixed point the boson and
fermion velocities are equal as demanded by Lorentz in-
variance. Consider introducing a small difference be-
tween these two velocities, ∆v = vφ − vχ which is much
smaller than the mean velocity v = (vφ+vχ)/2. One finds
(see Appendic C 2) the flow of this velocity anisotropy
within the  expansion to be: d∆vdl ≈ − 521v3 ∆v, i.e. the
velocities approach each other in the low energy limit.
Thus equal velocities are recovered even if they are not
tuned to equality in the bare theory.
IV. TOWARDS AN EXPERIMENTAL
REALIZATION
Consider a slab of He3-B, with surfaces perpendicu-
lar to the z direction (Fig.4). We use the notation of
Volovik24 to write the single particle Hamiltonian:
H =
p2 − p2F
2m
τz − γ
2
H · σ + τx
∑
µ=x,y,z
∆µσ˜
µ p
µ
pF
(9)
where the gap function ∆µ =
(
∆‖,∆‖,∆⊥
)
and the ro-
tated Pauli matrices σ˜ = Rσ, and R(nˆ, ϕ) is the order
parameter of the superfluid, resulting from the break-
ing of relative rotations between orbital and spin direc-
tions. Weak dipolar interactions between the atoms in
the cooper pairs pin this rotation matrix, parameter-
ized in terms of the rotation axis nˆ and angle ϕ, to
ϕ = − 14 ∆⊥∆‖ . For a sufficiently thin sample with thick-
ness d < 20ξ ∼ 1.6µm (but not so thin that the B phase
is itself destroyed in favor of the A phase, so d > 9−13ξ,
Ref.25), the nˆ vector is uniform in the sample. How-
ever, since the rotation symmetry is reduced within the
slab geometry, a specific direction is selected. In fact the
dipolar interactions pin this vector along the z axis. An-
other mechanism to control the direction of nˆ appears
from the Zeeman coupling to an external magnetic field.
If the field is also along the z axis, then, the nˆ vector
continues to be pinned along this direction. The source
of coupling arises from the surface states. An energy gap
to surface states reduces their energy, the size of this gap
being proportional to the projection lz = HˆµRµν(nˆ, ϕ).
Now, if the field H and nˆ are along z, this produces the
maximum gap26,27.
However, there is an interesting competition if the
magnetic field is applied in plane i.e. Hˆ = xˆ. Now, if
nˆ is still along the z axis, then this induces an lz = 0 and
the surface states remain gapless. Physically this can be
understood26 as resulting from a residual symmetry, ro-
tation by 180 degrees and time reversal, which leaves the
system invariant (note that time reversal followed by re-
flection in the x-z plane is not a symmetry since reflection
changes the rotation angle ϕ → −ϕ). However, if the nˆ
vector tips into the x-y plane, this symmetry is sponta-
neously broken and generates a mass for the Majorana
fermions. If we write the nˆ = (nx, ny, nz) then:
lz = nxnz(1− cosϕ) + ny sinϕ (10)
when nz ≈ 1, this is maximized by components
(nx, ny) = σ(sinϕ/2, cosϕ/2) for which:
lz ≈ 2σ sinϕ/2 (11)
Thus the surface Majorana fermions acquire a mass term
m = gσ where g = 2H sinϕ/2. The energetic incen-
tive for an in-plane component increases with the ap-
plied magnetic field. Thus, for fields 0 ≤ |H| < Hc we
have a gapless symmetric state while for Hc < |H| spon-
taneous symmetry breaking occurs leading to a gap for
surface Majorana modes. In Ref.26, the critical field was
predicted to be H > Hc = 30 Gauss, which is readily
accessible. The effective theory for the transition is:
L = Lχ + Lσ + gσχ¯χ (12)
Lf =
1
2
χ¯γµpµχ (13)
Lσ =
1
2
(∂tσ)
2 − c
2
2
(∇σ)2 −M2σ2 − uσ4 (14)
where we have set the velocity of the fermions to unity,
and c is the velocity of the bosonic modes, and M is the
gap set by the fact that σ = 0 is preferred since the nˆ is
oriented along zˆ direction in the absence of a magnetic
field. This is identical to the action S2+1 (Eqn.1), which,
as discussed above, flows to the N = 1 SUSY fixed point
within a D = 4−  calculation.
We however note the challenges to realizing SUSY in
this physical system. The low temperatures of the super-
fluid transition restricts the temperature window for ex-
periments and the bare boson and fermion velocities are
expected to be rather different, with a ratio controlled
by EF /∆. Furthermore, while the bare velocities of the
bosonic mode is expected to be of order vFermi, the veloc-
ity of the surface fermions is controlled by superfluid gap
∆. For realizing SUSY, the difference between these two
velocities must flow to zero at low energies, an alternative
scenario being that the transition becomes first-order due
to bare velocity difference.
Furthermore, to have a truly 2D transition, one needs
the order parameters on the two surfaces to fluctuate
independently (see Fig.4b). Deep in the bulk, there is
a weak pinning field on the nˆ vector, which leads to
Hpinning = −λ[H · nˆ]2. Therefore the nˆ vector is aligned
along the ±x direction in the bulk. It evolves from being
5Figure 4: (a) Mean-field phase diagram for a thin film of su-
perfluid He3-B as a magnetic field parallel to the surface is
applied. The nˆ vector (green arrow) is oriented along the
vertical direction, perpendicular to the surface. A weak field
applied in plane does not open a gap to the majorana fermions
on the boundary, since a residual symmetry, composed of 180
degree rotations and time reversal is present, that preserves
the gapless surface state. However, on increasing the field
above Hc ≈ 30Gauss, the nˆ vector spontaneously tilts into
the plane leading to a gap on the surface and hence a com-
pensating energy gain. (b) For this transition to occur spon-
taneously on the two surfaces independently, one needs to
consider films much thicker than the nˆ healing length. Then,
in the bulk the nˆ vector is pinned along the field. In principle
this breaks symmetry, but since this is sufficiently far away
from the surface is expected to have a negligible effect.
along z direction at the surface to being entirely along
±x in the bulk. In principle, this breaks the symmetry
and produces a gap on the surface. However, when the
film thickness d  ξ, the symmetry breaking effect at
the surface is expected to be very small since the healing
length of the nˆ order parameter is much longer than the
coherence length.
V. SUSY ON THE 3D TOPOLOGICAL
INSULATOR SURFACE:
The surface states of a 3D topological insulator14–18
consist of Dirac fermions at a chemical potential µ : H =∑
kx,ky
c† (kxσy − kyσx − µ) c. To realize SUSY, we con-
sider fine-tuning µ to zero and consider the instability
of these surface modes to an s-wave superconductor28,29.
This multi critical point can potentially be driven by
intrinsic interactions, and may also be realized by pat-
terning the surface with a Josephson junction array. We
restrict ourselves to particle-hole symmetric supercon-
ducting fluctuations. The effective action for the coupled
system near the transition is given by28,29
S =
∫
d3x
[
ψ 6∂ψ + g (φ ψT ψ + c.c.)
+ |∂τφ|2 + c2|~∇φ|2 + r|φ|2 + u|φ|4
]
(15)
where φ is the superconducting order parameter, and the
fermion field ψT = [c↑ c↓], and  is the two-dimensional
antisymmetric tensor. The above action is known to flow
to a supersymmetric fixed point30,31. The SUSY corre-
sponds to a N = 2 Wess-Zumino model. Most remark-
ably, in this case SUSY allows one to calculate the ex-
act anomalous dimensions of the boson and Fermi fields,
with32 ηφ = ηψ = 1/3.
VI. CONCLUSIONS
It is well known that the spontaneous breaking of
SUSY leads to generation of a massless fermion, called
the ‘goldstino’ mode33. An example is provided by the
action in Eqn.1 with d=1, where the flow from the crit-
ical point (r = 0) to the massive phase (r > 0) can be
thought of as the spontaneous breaking of the N = 1
SUSY in 1+1-D34. The associated goldstino mode pre-
cisely corresponds to the free Majorana fermion formu-
lation of the 1+1-D Ising critical point. This idea gener-
alizes to the higher dimensional supersymmetric models
considered here, including the 2+1-D boundaries of TSC
and TI, where again the topological surface states are
identified with the goldstino. This suggests an intriguing
link between space-time SUSY and topological phases.
The transitions discussed in this paper have several
unique, experimentally relevant signatures. As already
discussed, at the critical point, supersymmetry leads to
precise relations between the scaling dimension of inter-
acting fermion and boson modes, whose value, in some
cases, can be determined exactly. As one moves away
from the transition into the symmetry broken phase, the
mass of the fermion, and the mass of the amplitude mode
of the boson are equal to each other, again a consequence
of supersymmetry.
To conclude, we find emergent SUSY at transitions
at the boundary of topological superconductors and in-
sulators, using analytical field-theoretic arguments and
numerical simulations. Potential routes to experimental
realization were discussed. Finally, the ubiquitous ap-
pearance of SUSY at these surface topological transitions
points to an intriguing connection between supersymme-
try and topological phases, which remains to be explored.
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Appendix A: Details of the lattice Model to realize
D=1+1 SUSY critical point
We seek a lattice model in D =1+1 dimension, which
yields the action S1+1 in the main text at low energies.
Although it is impossible to realize the edge of a D=2+1
topological superconductor in a purely D=1+1 system,
we can construct an equivalent model where time rever-
sal symmetry is traded for a different symmetry (here, a
symmetry transformation that includes translation). As
mentioned in the main text, the model is given by Eq.2:
H = −i
∑
j
[
1− gµzj+ 12
]
χjχj+1 +Hb (A1)
Hb =
∑
j
[
J µzj−1/2µzj+1/2 − hµxj+1/2
]
where χj is a single Majorana fermion at site j while the
Ising spins µzj+1/2 sit on bond centers. One may rewrite
the Majorana fermions χ in terms of spin-1/2 spins which
we denote by σ, via Jordan-Wigner transformation. De-
noting µj+1/2 = µa for j even and µj+1/2 = µb for j odd,
the above model can therefore be rewritten entirely in
terms of spins:
H = H1 +H2 +H3 (A2)
where
H1 = −
∑
i
(
σzi σ
z
i+1 + σ
x
i
)
H2 =
∑
i
(J µzi,aµzi,b + J µzi,bµzi+1,a − h(µxi,a + µxi,b))
H3 = g
∑
i
(
σxi µ
z
i,a − σzi σzi+1µzi,b
)
The above models has an intricate symmetry, which
we denote by T ′, that ensures that ~σ spins stay gap-
less throughout the whole phase when ~µ spins are disor-
dered. In particular, the above model is invariant under:
σzi σ
z
i+1
T ′−→ σxi+1, σxi T
′
−→ σzi σzi+1, µzi,a T
′
−→ −µzi,b, µzi,b T
′
−→
−µzi+1,a, µxi,a T
′
−→ µxi,b, µxi,b T
′
−→ µxi+1,a. Physically, this
symmetry exploits the fact that the transverse field Ising
7model is self-dual at the criticality. The self-duality in-
terchanges the terms −∑i σzi σzi+1 and −∑i σxi in H1
and this is precisely the action of the symmetry T ′ on
the ~σ spins. Since the symmetry is respected by the full
interacting Hamiltonian H = H1 +H2 +H3, the spins ~σ
remain gapless unless the T ′ symmetry is broken spon-
taneously. This happens when 〈µz〉 6= 0, in the exact
analogy with the action S in Eqn.2 where 〈φ〉 provides
mass gap to the helical Majorana modes.
Appendix B: Correlation functions and velocity
anisotropy at the Tricritical Ising point
As discussed in the main text, SUSY imposes strong
constraints on the correlation functions of various opera-
tors at the critical point. To see how this arises, we first
note that the action S1+1 for the boundary of a 2D TSC
is supersymmetric when r = 0, vφ = 1 and u = g
2
2 (1,2).
Indeed, if these constraints are met, then the action is
invariant under the following transformation (2):
δφ = ˜χ (B1)
δχ = (
−iγµ∂µφ
2
+ i
g
4
φ2) (B2)
Such ‘fermionic rotational invariance’ implies that the
velocity as well as the anomalous dimension of the Ma-
jorana fermion χ equals that of the scalar φ. Here
 = [1 2]
T is an arbitrary two-component Majorana
variable, ˜ =  iσy, χ = [χR χL], γτ = σy, γx = σx, and
the Pauli matrices ~σ act on the spinor index of fermions
χ and . Of course, the numerical solution of our lattice
model demonstrates that N = 1 supersymmetry emerges
dynamically at the QPT by tuning only one parameter
(in contrast to the tuning of four parameters: r, vφ, g
2
u
and the Majorana fermion mass). In particular,
〈χL(r)χL(0)〉 ∼ 〈χR(r)χR(0)〉 ∼ 1
r1+η1
(B3)
〈φ(r)φ(0)〉 ∼ 1
rη2
(B4)
with η1 = η2 = η. It is known that η = 0.4 for the SUSY
tricritical Ising point and we verified this using DMRG
(see Fig.5). Supersymmetry also implies that the differ-
ence of the scaling dimension of the operators µzi and
µziµ
z
i+1 is precisely unity (1). Specifically (1), 〈µzrµzr′〉 ∼
1
|r−r′|0.4 while 〈µzrµzr+1µzr′µzr′+1〉 − 〈µzrµzr+1〉2 ∼ 1|r−r′|2.4 .
We verified this particular prediction in our DMRG sim-
ulations and the results are shown in Fig.5. Finally, as
a further check of our numerical results, the scaling di-
mension of the operator σz is close to the expected 3/80
at the tricritical point.
Fig.3 shows the entanglement entropy at the critical
point for the parameter J = 4. We find that the critical
point survives when for such a large anisotropy in the
bare velocities of the boson and the fermion.
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Figure 5: The top figure shows the scaling of the correlation
function 〈µzrµzr′〉 while the bottom one shows the bond-bond
correlation function 〈µzrµzr+1µzr′µzr′+1〉−〈µzrµzr+1〉2 (we denote
the bond operator Bzr = µzrµzr+1 in the label of the figure) at
the critical point between the two phases in Fig.2 in the main
text. Emergent supersymmetry at the critical point implies
that the difference in the power-law exponents for these two
correlation functions is exactly two while the precise values of
the exponents themselves are also found to be consistent with
the tricritical Ising model (see the main text for details).
Appendix C: Renormalization Group for Magnetic
Instability of 3D TSC
The field theory for the transition is given by Eq.1 with
d = 2:
S2+1 =
∫
dτ d2x [
1
2
χ¯ 6∂χ+ 1
2
(∂µφ)
2 +
r
2
φ2︸ ︷︷ ︸
S0
+ gφχ¯χ+ uφ4︸ ︷︷ ︸
S1
] (C1)
where χT = (χ1, χ2) is a two component real fermion
field with χ¯ = χT γ0 and 6∂ = γµ∂µ where γ0 = σy, γ1 =
−σz, γ2 = σx in terms of the Pauli matrices.
Above we have separated the quadratic part of the ac-
tion (= S0) from the interactions (= S1). This theory has
N = 1 supersymmetry when u = g2/2, and r = 0 (2).
We will demonstrate below that supersymmetry emerges
dynamically in the above theory by tuning only the boson
mass
√
r to zero, even when the bare couplings u and g do
not satisfy this relation. Note that here we have assumed
that the bare boson and fermion velocities are equal. We
will justify this assumption at the end by considering the
8RG flow of velocity difference between the boson and the
fermion.
We now perform Wilson RG on the partition function
Z =
∫
DφDχe−S (C2)
Following the standard procedure, we separate the
fields into slow and fast components φ>, φ<, χ>, χ<. The
quadratic part S0 decouples into fast and slow compo-
nents without any mixing term, leading to:
Z =
∫
Dφ<Dχ<e
−S<0
∫
Dφ>Dχ>e
−S>0 e−S1
= Z>0
∫
Dφ<Dχ<e
−S<0 〈e−S1〉
>
(C3)
where Z>0 =
∫
Dφ>Dχ> e
−S>0 and
〈
e−S1
〉
>
=
1
Z>0
∫
Dφ>Dχ> e
−S>0 e−S1 (C4)
The integration over the fast modes φ>, χ> would
modify the action for the slow modes φ<, χ<, thus yield-
ing the RG equations so desired. To control the RG flow,
we perform an -expansion where  = 4−D. Symmetry
analysis suggests that if a stable fixed point exists, then
u∗ = O() and g∗ = O(
√
). Therefore, a cumulant ex-
pansion in powers of u, g is a legitimate option. We will
need an expansion upto O(g4, u2):
〈
e−S1
〉
>
= e
−
[
〈S1〉>− 12 〈S21〉>+ 16 〈S31〉>− 124 〈S41〉>
]
(C5)
where we have dropped the terms such as 〈S1〉2> that
do not contribute. We next write down the contribution
from each of the four terms in the cumulant expression
to the renormalization of the total action S.
O(g, u) : 〈S1〉>
〈S1〉> = g
∫
dDr χT<(r)σyχ<(r)φ<(r) + u
∫
dDx φ4<(r)(C6)
where D = 2 + 1 = 3 is the space-time dimension and
r = (τ, x, y). Consider the elementary coarse-graining
transformation r′ = r/s. Under this transformation,
χ<(r) = ξχχ(r
′) and φ<(r) = ξφφ(r′). ξχ and ξφ are
related to the scaling dimensions ∆χ,∆φ of the fields
ξ and χ for D = 4 −  via ξχ = s−∆χ = s−ηχ/2 and
ξφ = s
−∆φ = s−(d−1+ηφ)/2 where ηχ and ηφ are the
anomalous dimension of the fermion and boson modes re-
spectively. Re-expressing 〈S1〉> in terms of rescaled vari-
ables, one finds g(s) = gs/2−ηχ−ηφ/2 and u(s) = us−2ηφ
at this order.
O(g2, u2) : −1
2
〈
S21
〉
>
These terms lead to an anomalous dimension for the
Majorana fermions χ and the boson φ, and also renor-
malizes the interaction strength u between bosons.
Anomalous dimension ηχ of the Majorana
fermion:
The relevant term is
∆S =
g2
2
∫
dDrdDr′〈χT (r)σyχ(r)φ(r)χT (r′)σyχ(r′)φ(r′)〉>
(C7)
which can be shown to contribute
∆S =
∫
dDp 4× g
2
2
× (χT<iσypµγµχ<)× Nd2 log(Λ/p)
where ND =
A(SD−1)
(2pi)D
with A(SD−1) as the area of the
D− 1 sphere; γτ = σy, γx = σz, γy = −σx. Therefore the
anomalous dimension of Majorana ηχ = 2g2ND.
Anomalous dimension ηφ of the scalar:
Similarly, one finds a contribution
∆S =
∫
dDp
g2ND|φ<(p)|2p2 log(p)
2
× Trace(I)
to the anomalous dimension ηφ of the bosons φ. We
set Trace(I) = 2 because under our scheme the spinors
live in three space-time dimensions. This implies that
ηχ = 2g
∗2ND = ηφ where g∗ is the fixed point value of
the coupling g that we determine below.
Renormalization of u at O(u2):
One finds a contribution
∆S = −36u2ND log(s)
∫
dDrφ4<(r) (C8)
O(g3) :
1
6
〈
S31
〉
>
Renormalization of g at O(g3):
Only the term
〈
S31
〉
>
contributes to the renormaliza-
tion of the interaction g at this order. One finds
∆S = −4g3ND log(s)
∫
dDr χT<(r)σyχ(r)φ<(r)(C9)
O(g4) :
−1
24
〈
S41
〉
Renormalization of u at O(g4):
∆S = 4g4ND log(s)
∫
dDrφ4<(r) (C10)
91. Renormalization Group Equations and Fixed
Point
Putting everything together and setting s = edl ≈ 1 +
dl, the renormalization of coupling g is given by,
g(1 + dl) =
(
1 + dl
(
/2− 3g2ND
)) (
g − 4g3NDdl
)
Or,
dg2
dl
= g2 − 14g4ND (C11)
Similarly,
u(1+dl) =
(
1 + (− 4g2ND)dl
) (
u− 36u2NDdl + 4g4NDdl
)
Or,
du
dl
= u− 4g2uND − 36u2ND + 4g4ND (C12)
Solving the above equations, one finds
(g2)∗ =

14ND
, u∗ =

28ND
(C13)
which precisely satisfies the condition u∗ = g
2∗
2 required
for supersymmetry. Substituting these fixed-point values
into the expression for anomalous dimensions, one finds
ηχ = ηφ =

7
(C14)
which means that ηχ = ηφ = 17 at O().
2. Emergence of Lorentz Invariance in the
Non-Relativistic System
Let us consider the effect of different bare velocities
for the fermion and the boson. That is, we consider the
action
S =
∫
dDr
1
2
χT (∂τ − ivχσx∂x − ivχσz∂y)χ+
(∂τφ)
2
2
+ v2φ
(∂xφ)
2 + (∂yφ)
2
2
+
rφ2
2
+
uφ4 + gχTσyχφ (C15)
The velocities will receive renormalization from the
second order cumulant.
Boson Velocity Renormalization:
The relevant term in the renormalized action is
∆S =
1
v3χ
∫
dDp 2g2ND|φ<(p)|2
(p20 + v
2
χ~p
2) log(Λ/p)
2
This implies that the boson velocity renormalizes as
v′2φ = v
2
φ
(
1 +
2g2ND
v3χ
((
vχ
vφ
)2
− 1
)
log(Λ)
)
(C16)
Or,
dvφ
dl
=
g2ND(v
2
χ − v2φ)
vφv3χ
(C17)
Fermion Velocity Renormalization:
In this case, the relevant term is
∆S = 2g2
∫
dDk χT (k)iσy ×∫
dDp (p0 + k0)γ0 + vχ(~p+ ~k).~γ
(2pi)D((p0 + k0)2 + v2χ(~p+
~k)2)(p20 + v
2
φ~p
2)
χ(−k)
= I1 + I2 (C18)
where
I1 = 2g
2
∫
dDk χT iσy(k0γ0 + vχ~k.~γ)χ×∫
dDp
(2pi)D(p20 + v
2
φ~p
2)(p20 + v
2
χ~p
2)
and
I2 = 2g
2
∫
dDk χT iσy ×∫
dDp p0γ0 + vχ~p.~γ
(2pi)D((p0 + k0)2 + v2χ(~p+
~k)2)(p20 + v
2
φ~p
2)
χ
Putting everything together, one finds
∆S =
g2Nd
v3χ
∫
dDk log(Λ/k)χT iσy
(
f0k0γ0 + f1~k.~γ
)
χ
(C19)
with f0 = 4α(1+α)2 and f1 =
4(2α+1)
3α(1+α)2 with α = vφ/vχ.
This leads to the following RG flow for vχ:
dvχ
dl
=
16g2ND(vφ − vχ)
3vφ(vφ + vχ)2
(C20)
Denoting the velocity difference as ∆v = vφ − vχ, and
setting vφ ≈ vχ = v, one may combine the above equation
with the one for the flow of ∆v. One finds,
10
d∆v
dl
= −10g
2ND
3v3
∆v
≈ − 5
21v3
∆v (C21)
near the transition. This imply that vφ = vχ at the fixed
point, and therefore our starting point in the previous
section, where we assumed Lorentz invariance, is justi-
fied.
